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Principle of generalized effective stress for unsaturated soils

ZHAO Cheng-gang, CAI Guo-qing
(Institute of Geotechnical Engineering, Beijing Jiaotong University, Beijing 100044, China)

Abstract: The principle of effective stress is the most important and fundamental principle in soil mechanics, by which soil
mechanics has separated from continuum mechanics and become an independent discipline. Traditionally, however, the validity of the
effective stress principle remains questionable for unsaturated soils. The historical evolution of the effective stress for unsaturated
soils is reviewed firstly based on an expression of the work input into multiphase porous media; and then the formulation of the
generalized effective stress for unsaturated soils is put forward. It is shown that neither the single effective stress nor the two-stress
state variable approach is sufficient to describe the deformation and strength characteristics of unsaturated soils. By considering the
deformation work input of unsaturated soils, the concept of generalized effective stresses that can be used to simulate the behavior of
unsaturated soils is proposed. The proposed approach is fundamental and theoretically sound, paving a solid way to simulate the
fundamental behavior and constitutive relation of unsaturated soils.

Key words: unsaturated soil; effective stress; theory of multiphase porous media; deformation work

1 51 5

AN JE B P, el 5k R TARAS
RO S U w2 N A o S VAR B/ R B2
9 TSI 2R o T AR 3 A7 75 3t
BRIGA e AR TR B DI R, B,
R EE M TREFOITE, JFEAT TR 5
HWFIT. ARIMTRAT =AY AR K AR AN 1 (1
PERARH %, SIH AT L, XL
BIEARATIR, . A7280% ) s BEAE AR A L2
TATAE? WARATAE, BRI RAIE A ? X2 i)
AL H AR BeRE A BIUR L ROt o DA 2. 7 AT

Wk Hi: 2008-09-27

FUR AR AT ST P R AN L), R AR
A B HABNE ST IR ZEREAT AT 52, PRI AT 5T
HRHIAT T RS i,

TR E SRR AR AR R, R
Ja gy ARG AR I Rk WD
B, R AR AR I EAR A . JE
TRER LIRS, S AR AT
IR 3 SO BB SE R AU
AT RN 3 2 AN BE E — M A 5 AR AN L 1R AR TR o
JE, IR AN IRIIN 2 RE LA SUN I RsEm fBi,
W AVSAR I 0« ARG T SO AR LK MR 225

AN

FEEH : F K ARIEEE B H(No. 50778013); b gty 4334 % 815 H (No. 8082020).

SAEE R BN 5

1953 4E24E, fit, #a%, 1S, FENGE L TREEGHE TRMEF5090 TE. E-mail: cgzhao@bjtu.edu.cn



11

RRANAS AR ) S RN ) R B 3233

2 ARMRT A BN 1 Js

UISIWNIE A DA E | 0R R SE ST HE S oA 8= iy
TN Z T, E25 3 MEIR: O3
N ) AR R AN Sy @KU AR FE S @D
(2K A B E BN )

Bishop (1959 4F) U T MR 1- p (145 2%
Ny CERNY AR AT RN ) ik

o; =(0; —u,0;)+ x5 (D

i a~y

A o ARSI o, AR uy A
JIs s AHEFUR ) ¢ WA BE, B AR
AR, N0 (Fhi) ~1 (R Az
k. Aitchison %5 (1956 4F) B,
4) Pl Bishop 2% (1961 4£) Y. Bishop %% (1963
) P Blight (1965) “5CM g4 7 0L At A
R AWl E S W W @ DI Oy e U L P
LI, R o) B2 AEVR L AR T RGBS
AR - rp L AR BT RN ) BB, Jennings
25 (1962 4F) VMR T LUR ise, BIEASAER I JE
T A AR AR ) o R R B B 4 collapse
phenomenon) . MATTXAEMLAT L BEAT T — R A1 [
ghae . WRIGRW, AR CEIUN D) B
LR R BEAR R IR M . (HHSR (1D 24T
TR TS B I 25 2, 3 51806 25 AR TS 15
FAN, NTBERIRE S, AN 135 ¢ 2 1)
B ME—f 2% . Burland (1965 4F) B0 (1908
MR IR T HNY AR A RO ) I AT
Aitchison (1965 4F) P1, Matyash. Radhakaishna (1968
) M Brackley (1971 4F) " Fredlund £ (1977
A ) UM AR - B ) AR A RN ) S R
P T BE o AR E TN AR A AN )
faf sy Sy T ok g, B H o B A gk
HBEATRFST. #t, Khalili (2004 45) Ui g )k,
LN A R (A BN 1 D L T D I AN L )
SREERIARTE, R T — SR UL S TR . (HAb
A4 H R R 2k 305 — MRSt ) 2 IR A —
o A, BRIy BRSSP
KEAIE . Bk LH, JEMOR L R RAT BN )
5 B A S R L A RN R,
M B 2 TERFRIA L, SLYELEIEAS B,
W ISR HILAXT R, X SWMm A
RN Iy RIS AL, Ao TR EE, 15
TAECH A BRI PSRN H . BRI, 7R
SE WA AR T, T 5Ebr TR S B L 11
RO I TRR IR B e, B0 S ) AR B IR

Jennings (1961

AR08 7 D B R I TR N FH RIRIF A SR s S o

h T SR R AR RN BN ) AR AT RN T
Bk 1, Coleman (1962 4F) ™1 Bishop 1 Blight (1963
) U810 Blight (1967 4F) 2R T AP AR
AR (VN RN IR ) IR AR RN L 5 AN
A H. Fredlund 25 (1977 4£) WM T 247006,
FREGAE T RPN A J W IEf . s, HX
N ) AR B AT RN g CEIA R FH AN BT [ A%
] LA e AEVRN L AR T RIS D TS B T IR
IR, T AR a5 s, (HE
PR LRI NG . 46, XN )RS
TR AN BEIR U MO R IR RN T R A4 G . i,
Wheeler (2003 4£) USgHy, JEM0R1+ 1 ME BAVE
52 3 35 Ny AR S g B s, i HLds 52 2 HoAd AL
FI M, A RS e o 3R DA A RIS
N J7 (net stress)~ 35T ) FFLER LLARTR], (HPAS
HATA RIS LR 7 2247 A Ok a] R AH
HAER ) CRIFTIE A RN S JvTLAAE, W,
Wheeler (2003 4£) FIBFFTe 33158 W AUR] F A AN Bl
SR AR IR AN BEME — M 28 AR L AR S AN
SR, BEJS—Le#, 0 Sheng & (2004 42) M,
Li (2006 4F) P Sun (2007 4F) Pk, gpadeey
PR RSN, A8, N7 T AEUORN L AR R Y,
{EARE A A R (RS 2 73— DR R

WA NS HUUN, 7 A8 5 BRI i s JER -
Jide T 5%k . Tarantino 1 Mongiovi (2000 4 ) &2
f& i, Fredlund F1 Morgestern (1977 4F) U471
AR AT LLUESE RN . FLBRAK LB R e
% PR AL N AR N R ) 2
Y Ry 255447 1H Bocking A1 Fredlund (1980 4F) ]
HESCFR Y, AR L IS AR AT APIRASE,
TP RBHARANTA R, Wil & TEBRER
AR 7 R AR AR AN S 3 B B RS 2 i E A
TR PR, Al R AEAR A . IX I FH PNl
(RN AR (N g R ) it 20 SOAE s A8 4k
MISZI AT e AT . BLARZSCE K O &0
B UF T ASUAH I 18 I PR AR P 8 A% 8 R A A
PECL PR R A 35 AR R R, 4
AN L (R AR AL T PR I P AN T R 3 g A
1 IEFPE DL PR B AR A e TRt —20
(RS, TR IS EAIF . Tarantino (2002 4F) U4
el cfa i, PR R AR RA LR R, e
AR B ARG A N R FRANESE . 546, dE
MR L AE S AT S DL~ CRAHA TR 1
WU W), A AR RIS R AN ARk



3234 b +

b 2009 4

KPR HAEARAERI . IR Hr T LA
AR AR L R AN BT IR B AR i AR T LA
X AR AN P oA T o0 b, AEAE AR SR PR 1
W, AESAHAR T PRSI 2200 SAH R AR 52
M o) SRR 1 PR o ARG 5 SR = AR R 2

F5 b, ARMURT e R T R AL
B HR 1R A e g 2 A5 1 AR 3R 1 A AR s
CEFINAET KRS 1. SRR 1)
AAHAL T PEPRAS IS, LR e ()t P AR AR A )
HNEREL. DA, AESRIERTE, BPRRES N LB
(A Hs 8 52 AN TR T AR 3T 1 A <A s
R 28 Tt A I ) PR RS FP AT R, AT93R T AN
[F]) o AHAERXFNE B N AR E A TAA R A [A],
FEAE B E ISRl 15 20 e 45 R e 5 A
B 225 IR AL T3 RS SR R R AR
1, HHESFEAAERRIE AR L, g mEEE
VLR (R BRI 5T, T2 AR i,
MR - AR AL T ARSI S R T R 4
AF AR AN T R i e, T N B e AR
IRAA S SR AR RN L T, AT A SEbr
LS. DRI, XIS TSR R P AN B Y )AL &, 2
WA s 7 AR I e st A ) i

Z AHFLBRA e v (1) R B B o] DA AL
IR AN RIARZ T A B . AR 52 J HAR AL
M. Rk, A — s E R IR AR R 1 A0 Y i
SRR ST DA K eAT 12 TRl AR AR
AHE W AAR BB AR BAR . BeRE AR Th AR
&3 (work of deformation) 4% T AL AN+ N 4541
(I 7 DA R 53X 6 R AR I T SO AR ez
(R TARTE DD, & e A B X AR A L 2
PRSI RRIAK JC R IR, PRS2 B4 OS5
H AL . Houlsby™ 26 v it 5 AR v 145 1 1
(1) 218 T A BEAT T W UM 18 Dean Al Houlsby
(2005 4E) P MASFE I &, e T R SR
N R RIE AT 50N 1 S AT BLAA 5 2K Jommi (2000
4) 1 Vaunat 25 (2000 4E) P T BB 5 BT
W T ARAN 0 R ) DA 5 3K e )8 g AR )
AR

YOMAREFN T I E R v LR B, B
— AR B ) SR B R AR R 1 o
TS (1) 3 A T T P B S PR B R . AR
A RS 7 TG AN S AR OB IX 1) K S
He T, R TRARENAKNS, EkiT
RINPAZ AR HIRZ Rk, Ry —
BERIXUNY SRR B o Hedli AR T 2767 [EXUN,

o3 728 5 RVRR RN JRE PR 5% i R A R AR A AT AR T 1 4
Ji. HET, S22 7 LAgra 2% e AR L prfy
B AR AN R K ) SONAZ (KI5, 421, %5
Ot 3R AR AR T AN i AR R R B, I
Pl (1 BV Al A 22 AR FLER N R B

3 AR AR DR RN )
FESCHR29] (2008 42 HhE T2 AHALBR A o 2E
R 3 ARIEAME, ML AR A IR 5 LA S A
TSR EAR, 8T TR T e T, HE
ST LAV W RIE R
W={c—[S,P, +(1-S,)P]5} - gradV, +

. (2
sndSr Ip n* dP,
dt K, dt

X WAL o ARNT): PALP, 50
FUAHE D s n® ISR G S, R
S Mpr sk n AILBRE; s=P -P,, NI
W ys K, AR RBURR RV, ok AR T8
T . {F Dean 1 Houlsby (2005 4£) POl%5 iy
BT DR A 50N 2R SR sk 1, S
BR[29145 T SRR 1A 208 1 Bk R ik 20

c'=c-[S.P,+(1-S)P]5 3

X (3 AZEIFRIENX (2) hHAEMA 1
[ 438 3l VAR R SON g, RIAEAORN - (R4 4%
NI, WA ANFRZ A5 i B2 N ) (average soil
skeleton stress) o I AN, "Bt HI i BRI
Eemn = SIEESEHIINIAR

4 ARMERN T XA RN R

LE SCHR[29] 7 MR it 4 ) 27 Jim # HEAS AR L D ) &
IEAX W
w=-Y,p 4

dr
A H: 45 Helmholtz H H1fE; D MAEHUARREL
R4 Ziegler (1983 4F) PURNEAT Houlsby (2000
) PUwEEgT, RIS (4) Fi A dREH e BOr
FERCA R, T AAS 21 e (1) &0 Y. g FAH Y. )
FREAVEARIE; ok (2) g T AR A AR o
HARK)) SON Iy A5 FARRHS 1) B B2 BRI
kA ) A () M, Bt () R
75 PR PR L 2l g AR S (R 3P A e 5
WP () A A W2 52 Fir A T g o
A B 5 1 TR S T A i 28 o AR 3 (R A 08 )
] B B T 2 B PR IR Ty, 5 2 TR SR T )



11

BRI, AR SO RN R B 3235

LALBRUK AR 2 BU=LE 8y, 3 3 TSR
AW B B e X (2) Amix 3
TR0} =P R - e £ AH Y. R . ) s B AR T 35)
AR (B AR RE S IR B & I [ AR LA 5D . B
N 7 75 5 (AT 0N ) 22 T 5 2 TWURES 3 T Th 1) 5%
W, DRI A = AR IR 2, TR A8 e B i
BRI T 2 ARG, (H OO RN ) AR e i
SEUER . ME— AR DER . Wheeler (2003 4E) [
() TAEAMEZE L& T XN ) A5, 7% 18T WX
EMUR R, ST B AR S D s T A
(2) A s 1 TURES 2 TN SRR AR ), {5
VBSREAT % T8 3 TRD) 5% i ik, Joit 2
LN ) A [ O ) BB, AR B, A LA
LR MR AR AT 1R 52 A% M ORIAT Ky o S T
NI FOSER, BF NN, SRR L MmN v fig
QLA LIS ER B ) A R ) AT RO, Ty ME R
T e — 20 2% FE LA PR 32 IR e Cln o R Ak
(19 1 7 A58

BT BIRAGE, AR S RN 5
HHy 2 e N 2 P A AR AN 1 R AR R o ik K (2)
A, L (20 T 3 R, R
R Q20 WA SO BL RS HARRHE IR AR T
(VR IR o AN FEAT K8 ) BA K 5 JLAH O] Y )
I, Il SN R AT AR I ShiY
W, ARIG R ZE, TABETE A AT, HERfHL R
AR VD L 7 T RN RS (1 D6 R AT, Fh kA3 2
(R 250 ) SR B R ELAT SRR

F b, BAMFRIN BRI INERER (D 5
Houlsby (1997 4£) Plg5 i (AR A + 5 A2 K Th i1
FARAGRAHFR, DRONAE T, FA TR B B2
AL e, s SR BE . 5i4h,
AT R AR TE D I ZRIA e A - 1
RN R B, ARG T AR AR R R N A R
I 3 (0 SO, T IR T £ DX ) S 1 o

Li (2007 ££) PR ZA RSN 28 T B A
RN LA RN ) R R, AT SR TR
LA CAFE AR, (ISR A A A
N ERRASAA, T AR TR AT SR R

SN ) AR B gz b2 a0 3 Fly Sy AR e (A
RN Ty WAV A 1) iR ORISR, R
FHBUN 7% 8 2 p 1K 22 B0 B o) J AU A A
e, WETRURES, MREFIREAEES
D AR R iR 5 25 SR 56 . 534, Fredlund
A Morgestern (1977 4F) WIHEAT 71056 th )25
UESE T XN AR s BRI R, S FARX 3 4

AR, B SO Bk, BRI
NG FIR T o 8RN ) AR BB 182 HAT ) BRPER,
R BRIE B S AT TR

WV AP BE I AR L RN AR
BUSHS RN T, BUERIMER S EE2 N
R SCH RN J5 B, AT X2 2B H B
FHZRIBFFOME P TR R H e AR o ok
AR ) RN R A R e N A AL SEHT, JRRE
Il FEREMP OISR T, SR I B R
i By S DB o (HARFEDFIU ZR A b
P CRE ) B RAN ] o BB SR B Y e e
PRI AS KT H AR G R0 e e A AR B h
=P D RTTBEN Ty ) aiS eV B =R/ N E e SN e 2
MIER, XMW TR B2 H B2 AR
SRR, T AR 1 N s e TR 1)
o H AA L TR FAAAEAE R AT ST H AL )
SR, IR E— H 2 1
W L, R 28 HATREA R, (EAE L BN
PRI ER R A7 E (S o IR VAT 1
T35 PR AR A o

AN, HAT TR LLS RS 2 D 5 e 4
FreEBie, U e TR R LU TR R,
LR S A R (R, AR I B T
JE BB, JF H MK S YCE N R P AR 7,
FEIX— BRI o T LU R GRAT SOBR K . (EAE 8
PR] 2% 2652 /0 [ 15 A B8 043 A B F A RUR fe e
(BAEANT R sl 35 7)), Xt Rl A e
D Pt R At

5 4 B

AR SCAE R BT A PR LA 280 g v 1 A
b MR AR SCHR[29 I (10 A B T, 4R T
ARV L) SCH RN g S P 3K AR R ) SO
RO 7 D 3 A A J AR R -2 R i B R T A S
AR T REMESL BT T RS BRI, D AR AN
TR R R T T

2 % 3 MR

[1] BISHOP A W. The principle of effective stress[J].
Teknisk Ukeblad, 1959, 106 (39): 113—143.

[2] AITCHISON G D, DONALD I B. Some preliminary
studies of unsaturated soils[C]//Proc. 2nd ANZ Conf. SMFE,
Technical Publications for the New Zealand Institution of
Engineers. Zealand: Wellington, 1956: 192—199.

[31 JENNINGS J E B. A revised effective stress law for use

in the prediction of the behaviour of unsaturated soils[C]//



3236 Z- R S - 2009 4
Proc. Conf. Pore Pressure and Suction in Soils. London: behaviour in unsaturated soils[J]. Geotechnique, 2003,
Butterworth, 1961: 26—30. 45(1): 35—53.

[4] BISHOP A W, DONALD I B. The experimental study of [19] SHENG D C, SLOAN S W, GENS A. A constitutive
partly saturated soils in triaxial ~apparatus[C]/ model for unsaturated soils: thermo mechanical and
Proceedings of 5th International Conference on Soil algorithmic aspects[J]. Computational Mechanics 2004;
Mechanics and Foundation Engineering. Paris: Dunod, 33:453—465.

1961: 13—21. [20] LI X S. Thermodynamics-based consititutive framework

[5] BISHOP A W, BLIGHT G E. Some aspects of effective for unsaturated soils[J]. Geotechnique, 2007, 57(5): 411
stress in saturated and partly saturated soils[J]. —422.

Geotechnique, 1963, 13(3): 177—197. [21] SUN D A, SHENG D C, CUl H B, et al. A

[6] BLIGHT G E. A study of effective stress for volume density-dependent elastoplastic hydro-mechanical model
change[C]//Moisture Equilibria and Moisture Changes in for unsaturated compacted soils[J]. International
Soils Beneath Covered Areas. Sydney: Butterworths, Jouranal for Numerical and Analytical Methods in
1965: 259—269. Geomechanics, 2007, 31(11): 1257—1279.

[71 ENNINGS J E B, BURLAND J B. Limitations to the use [22] TARANTINO A, MONGIOVI L. Experimental
of effective stresses in unsaturated soils[J]. Geotechnique, investigations on the stress variable governing
1962, 12: 125—144. unsaturated soil behaviour at medium to high degrees of

[8] BURLAND J B. Some aspects of the mechanical saturation[C]//Proc. = Experimental ~ Evidence  and
behaviour of partly saturated soils[C]/Moisture Theoretical Approaches in Unsaturated Soils. Rotterdam:
Equilibria and Moisture Changes in Soils Beneath Balkema A A, 2000: 10—12.

Covered Areas. Sydeny: Butterworth, 1965: 270—278. [23] BOCKING K A, FREDLUND D G . Limitations of the

[9] AITCHISON G D. Soils properties, shear strength, and axis translations technique[C]/Proc. 4th International
consolidation[C]//Proc., 6th Int. Conf. SMFE. Toronto: Conference on Expansive Soils. Denver: [s. n.], 1980: 117
University of Toronto Press, 1965: 319—321. —135.

[10] MATYAS E L, RADHAKRISHNA H S. Volume change [24] HOULSBY G T. The work input to a granular material[J].
characteristics of partially saturated soils[J]. Geotechnique, Geotechnique, 1979, 29(3): 354—358.

1968, 18: 432—448. [25] HOULSBY G T. The work input to an unsaturated granular

[11] BRACKLEY IJ A. Partial collapse in unsaturated expansive material[J]. Geotechnique, 1997, 47(1): 193 —196.
clay[C]//Proceedings of 5th Regional Conference on Soil [26] DEAN E T, HOULSBY G T. Editorial[J]. Geotechnique,
Mechanics and Foundation Engineering. South Africa: 2005, 55(5): 415—417.

[s.n.], 1971: 23 —30. [27] JOMMI C. Remarks on the constitutive modeling of

[12] FRELUND D G, MORGENSTERN N R. Stress state unsaturated  soils[C]//Experimental ~ Evidence  and
variables for unsaturated soils[J]. Journal of Geotechnical Theoretical Approaches in Unsaturated Soils, Proc.of an
Engineering Division (ASCE), 1977, 103(5): 447—466. International Workshop. Rotterdam: Balkema A A, 2000.

[13] KHALILI N, GEISER F, BLIGHT G E. Effective stress [28] VAUNAT J, ROMERO E, JOMMI C. An elastoplastic
in unsaturated soils: review with new evidence[J]. hydro-mechanical model for unsaturated soils[C]//
International Journal of Geomechanics, 2004: 115—126. Experimental Evidence and Theoretical Approaches in

[14] TARANTINO A. Direct measurement of soil water Unsaturated Soils, Proc. of an International Workshop,
tension[C]//Proc.  3th International Conference on Rotterdam: Balkema A A, 2000.

Unsaturated Soils. Brazil: Balkema Publishers, 2002: (291 BN, FKEAR. ARRIE A DR IR LU A RN T
1005—1017. 500 s R B PR [I]. T EREE ), 2008, 38(9):

[15] COLEMAN J D. Stress-strain relations for partly 1530—1541.
saturated soils[J]. Correspondence to Geotechnique ZHAO Cheng-gang, ZHANG Xue-dong. Derivation of the
1962, 12(4): 348 —350. work expression and discussion on the effective principle

[16] BISHOP A W, BLIGHT G E. Some aspects of the and the phase separation theorem in unsaturated soil[J].
effective stress in saturated and partially saturated soils[J]. Science in China (Ser. E), 2008, 38(9): 1530—1541.
Geotechnique, 1963, 13(3): 177—197. [30] ZIEGLER H. An Introduction to Thermom-echanics[M].

[17]

(18]

BLIGHT G E. Effective stress evaluation for unsaturated
soils[J]. Journal of the Soil Mechanics and Foundations
Division, ASCE, 1967, 93(SM2): 125—148.

WHEELER S J, SHARMA R S, BUISSON M S R.
Coupling of hydraulic hysteresis

and stress-strain

[31]

[S. L.]: North-holland Publishing Company, 1983.

HOULSBY G T, PUZRIN A M. A thermomechanical
framework for constitutive models for rat-independent
dissipative International Journal of

Plasticity, 2000, 16: 1017—1047.

materials[J].



